The Finslerian curvature is introduced in the three-dimensional isospin space, suggesting that the isospin-pion field transforms according to non-linear Finslerian invariance transformations. The fundamental non-linear realization is associated with the pion field triplet. The Finslerian Lagrangian, as well as the implied pion-field selfinteraction, involves the first but no higher derivatives of the pion field. While the invariance transformations are now nonlinear, the conservation laws are still meaningful and sufficient to get the conservations for the energy-momentum and charges. The Finsler-invariant pion-nucleon Lagrangian function is also proposed. The Finslerian isospin-space symmetry is a pure interaction symmetry not shared by the asymptotic fields. The full Klein-Gordon-Dirac equation is accordingly extended. Various details of the implied Finsleroid-structure are formulated in an explicit way.
Introduction
The Finslerian isospin approach is a representation of three-dimensional invariance group in a curved instead of euclidean isospin-space. Below, we formulate the equations for possible Finsleroid-mediated symmetry in the curved isotopic space, based on the isotriplet of pions. So, the triplets are imagined as vectors in the respective Finsleroid-space. The Finsler-geometry ideas enable us to introduce the curvature in the three-dimensional isospin-space such that the curvature is constant and positive and is dependent on a single characteristic parameter. The resultant Finsleroid-space remains invariant under particular nonlinear pion-dependent rotations, henceforth mentioned as the F g -rotations.
We shall start with formulating respective Finslerian field equations from first principles. The Finsleroid-type geometry of the curved three-dimensional isotopic space replaces now the ordinary euclidean geometry of linear pion-represention isotopic space. We construct the nonlinear Lagrangian such that the Lagrangian is invariant under F g -rotations.
We get the Finsleroid-mediated extension of the Klein-Gordon equation, which involves explicitly a self-interaction of pions through dependence of the Finslerian metric tensor components on pion fields.
After that, we introduce appropriately the pion-dependence in the nucleon spinor function ψ, thereby extending the Klein-Gordon-Dirac equations. The spinor part is constructed simply by forming isospin-invariant Lagrangian out of the ψ, their covariant derivative Dψ, and an appropriate pion covariant derivative Dπ. The function ψ depends now on both, the space-time point and the pion field, and transforms under combined isospin-space transformations. Remarkably, the right-hand side involves explicitly the characteristic Finslerian curvature tensor (the so-called "Cartan curvature tensor"). In Appendix, the initial ingredients of the Finsler geometry are presented.
Formulation of Equations
Let π q = π q (x) be an isotopic triplet of pions; the components {π 1 (x), π 2 (x), π 3 (x)} are assumed to be real. Introducing also the notation π q i = ∂ i π q = ∂π q /∂x i for partial derivatives with respect to the position point x i , we construct the Lagrangian
m denotes the rest mass for the pions; r ij = r ij = diag(1, −1, −1, −1) is a euclidean metric tensor. We may use the Finslerian metric tensor g pq (see Appendix below) and the Finslerian metric function K (see Appendix below), so that
to consider the action integral
The associated Euler-Lagrange derivatives
can explicitly be calculated from Eqs.
Since δS{π r } = 0 =⇒ E p π = 0, we arrive at the following Finslerian pion field equations:
where C p r q are coefficients given in Appendix below. The equations are nonlinear and, therefore, introduce a Finslerian self-interaction of pions.
The associated Hamiltonian is
where c = 1, 2, 3. Considering the respective energy-momentum tensor:
The conservation law ∂ j T i j = 0 (1.12) can readily be verified by direct calculations. The energy-component reads
Also, for the currents
we get the conservation law ∂ n j a n = 0.
(1.15)
The isospin-pion charges
are still conserved, independently of whether the Finslerian extension is applied, or not applied. Let a field ψ be an isospinor dublet of four-component space-time spinors, so that ψ = {ψ α }. The Greek indices α, β... label the isospinor components and take on the values 1, 2; P, Q = 0, 1, 2, 3. The notation T P will be used for the ordinary Pauli matrices, so that
where a P Q = diag(1, 1, 1) = δ P Q . Considering the argument dependence of the spinor to be of the composite type ψ = ψ(x, π r (x)) (1.18)
we shall apply the total derivative d j :
We introduce, in agreement with the known methods [1] , the F -invariant isospinor derivative
by the help of the F -invariant isospinor connection coefficients
where the associated Finslerian Ricci rotation coefficients
have been used; {e Q q } is an appropriate triad. By the help of the coefficients (1.22) it is convenient to introduce the isospinderivative
We have
The generalized spinor Lagrangian
(M denotes the rest mass for the fermions) generates the extension
of the Dirac's equation. In the component form, the equation (1.26) reads
Finally, we construct the objects
we get again the equation (1.28), together with the equation
which extends (1.6) by including a due Finslerian interaction of spinors with pions; S q p ts is the Finsleroid-geometry curvature tensor (see Appendix below).
Discussion
Thus we have initiated a systematic development of the Finslerian nonlinear-invariant approach to pion-isospin invariance, and thereby to pion-pion and nucleon-pion interactions. It is shown how the Finsler Geometry of the isotopic space should introduce the interactions. The approach involves a convenient nonlinear realization of the isotopic-space rotations. This realization is associated with the pion field and is reqarded as a manifestation of a group of invariance in a curved 3-dimensional isospin space of the Finsleroid type, leaving invariant the key Finslerian metric function. Oppositely, we have offered the way of application of the Finsleroid Metric Function to processes involving self-interaction of pions.
It can be hoped that this can provide us in future with new insights into the pionnucleon interactions, as well as into the modern particle interaction models [2] [3] [4] [5] .
APPENDIX. Finsleroid-Space E P D g of Positive-Definite Type Suppose we are given an N-dimensional vector space V N . Denote by R the vectors constituting the space, so that R ∈ V N . Any given vector R assigns a particular direction in V N . Let us fix a member R (N ) ∈ V N , introduce the straightline e N oriented along the vector R (N ) , and use this e N to serve as a R N -coordinate axis in V N . In this way we get the topological product
together with the separation
For convenience, we shall frequently use the notation
Also, we introduce a Euclidean metric
With respect to an admissible coordinate basis {e a } in V N −1 , we obtain the coordinate representations
together with 
where w ∈ (−∞, ∞), (2.10)
are convenient whenever Z = 0. Sometimes we shall mention the associated metric tensor
meaningful over the whole vector space V N . Given a parameter g subject to the inequality
we introduce the convenient notation
14)
15)
17)
and
The characteristic quadratic form
is of the negative discriminant, namely The identity
can readily be verified. In the limit g → 0, the definition (2.22) degenerates to the quadratic form of the input metric tensor (2.11): GΦ(g;R) , (2.31)
or in other convenient forms,
where
This Finslerian Metric Function has been normalized to show the handy properties We also have
It is often convenient to use the indicator of sign ǫ Z for the argument Z:
Under these conditions, we call the considered space the E P D g -space:
The right-hand part of the definition (2.30) can be considered to be a functionK of the arguments {g; q, Z}, such thatK
We observe thatK (g; q, −Z) =K(g; q, Z), unless g = 0.
(2.46)
Instead, the functionK shows the property of gZ-parity
The (N − 1)-space reflection invariance holds true
It is frequently convenient to rewrite the representation (2.30) in the form
whenever Z = 0, with the generating metric function
We have j(g; w) = J(g; 1, w).
Using (2.25) and (2.31)-(2.35), we obtain
52)
and also
together with
where the prime ( ′ ) denotes the differentiation with respect to w.
Sometimes it is convenient to use the function
The simple results for these derivatives reduce the task of computing the components of the associated Finslerian Metric Tensor to an easy exercise, indeed:
∂R q :
(2.61)
The reciprocal tensor components are The associated angular metric tensor
proves to be given by the components
The use of the components of the Cartant tensor (given explicitly in the end of the present section) leads, after rather tedious straightforward calculations, to the following simple and remarkable result. 
By the help of (2.65), elucidating the structure of the curvature tensor
results in the simple representation 
Geometrically, the fact that the quantity (2.70) is independent of vectors R means that the indicatrix curvature is constant. Therefore, we have arrived at is handy in many calculations. Also
For a better understanding of structure of the Finsleroid space, the reader is referred to [6] .
